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Interaction Networks
A standard approach for analyzing high-throughput data is to incorporate the 
data with a biological interaction network.

Vertices: genes or proteins
Edges: Interactions between genes/proteins
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Altered Subnetwork Problem (ASP)
The underlying problem is to identify altered subnetworks

High

Low

Given:
1) Network G = (V,E)
2) Vertex scores Xv (e.g. p-values or z-scores)

Goal: Identify high-scoring subnetworks of G
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Applications of the Altered Subnetwork Problem

Differential gene expression
• Ideker et al 2002, Luscombe et al 2004, 

Dittrich et al 2008, … 

Germline mutations from GWAS
• Lee et al 2011, Califano et al 2012, …

Somatic mutations in cancer
• Leiserson et al 2015, Cho et al 2016, 

Horn et al 2017, Reyna et al 2017, …
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Low



Altered Subnetwork Problem is a classic problem

Altered Subnetwork Problem: 
Given:
1) Network G = (V,E)
2) Vertex scores Xv (usually derived from p-values)
Goal: Identify high-scoring subnetworks H of G

High

Low
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Algorithms for solving the ASP: jActiveModules

Altered Subnetwork Problem: 
Given:
1) Network G = (V,E)
2) Vertex scores Xv (usually derived from p-values)
Goal: Identify high-scoring subnetworks H of G

jActiveModules algorithm (Ideker et al, 2002): identifies altered subnetworks by 
maximizing a certain function over all connected subgraphs S

argmax
S

1p
|S|

X

v2S

Xv

<latexit sha1_base64="tboXsLhN2kCkSSoqJV+g6K026Lg="></latexit>
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Algorithms for solving the ASP: jActiveModules

jActiveModules (Ideker et al, 2002) is implemented in the very popular 
Cytoscape platform



Algorithms for solving the ASP: heinz

Dittrich et al (2008) developed the heinz algorithm (implemented in Bionet)

Altered Subnetwork Problem: 
Given:
1) Network G = (V,E)
2) Vertex scores Xv (usually derived from p-values)
Goal: Identify high-scoring subnetworks H of G
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Algorithms for solving the ASP: heinz
Dittrich et al (2008) developed the heinz algorithm (implemented in BioNet)
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Algorithms for solving the ASP: heinz
Dittrich et al (2008) developed the heinz algorithm (implemented in BioNet)
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• Weights wv determined by fit to a Beta-Uniform Mixture distribution
• 𝜏 is user-defined parameter corresponding to False Discovery Rate (FDR)

argmax
S

X

v2S

[wv � ⌧ ]
<latexit sha1_base64="lcpVK2AC+y5Sqm6iAFOHlmrOKgs=">AAACEHicbVA9T8MwEHX4LOWrwMhiUSFYqJKCBGMFC2MRFJCSKLq4TmthO5HtFKqoP4GFv8LCAEKsjGz8G9zSAQpPOunpvTvd3YszzrRx3U9nanpmdm6+tFBeXFpeWa2srV/qNFeEtkjKU3Udg6acSdoyzHB6nSkKIub0Kr45GfpXPao0S+WF6Wc0FNCRLGEEjJWiyk45ANUJBNxF5zjQuYiKHg6YxOcD7N9GPbyHAwN5GFWqbs0dAf8l3phU0RjNqPIRtFOSCyoN4aC177mZCQtQhhFOB+Ug1zQDcgMd6lsqQVAdFqOHBnjbKm2cpMqWNHik/pwoQGjdF7HtFGC6etIbiv95fm6So7BgMssNleR7UZJzbFI8TAe3maLE8L4lQBSzt2LSBQXE2AzLNgRv8uW/5LJe8/Zr9bODauN4HEcJbaIttIs8dIga6BQ1UQsRdI8e0TN6cR6cJ+fVeftunXLGMxvoF5z3L74Hm8Q=</latexit>

However heinz maximizes a different function over connected subgraphs S:

“
”



Many subsequent algorithms have been developed for 
solving the ASP

Cowen et al, Nature 
Reviews Genetics (2017)
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Algorithms tend to output very large subnetworks

“Network module identification—a widespread theoretical bias and best practices” by Nikolayeva et al (Methods 2018)
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High

Low

Network has 10000 vertices, and implanted altered subnetwork has 500 vertices

jActiveModules outputs a subnetwork with 2505 vertices (5x increase!)

True Estimated

A simple simulation with an implanted subnetwork
13

Many heuristics for reducing size of altered subnetworks – but their effectiveness is unclear



What does it mean to solve the Altered 
Subnetwork Problem to “optimality”?

Most algorithms assess their performance using real biological datasets:
• Runtime
• Recovering known biological findings
• Discovery of potentially new biological insights

Altered Subnetwork Problem: 
Given:
1) Network G = (V,E)
2) Vertex scores Xv (usually derived from p-values)
Goal: Identify high-scoring subnetworks H of G

High

Low
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Altered Subnetwork Problem: 
Given:
1) Network G = (V,E)
2) Vertex scores Xv (usually derived from p-values)
Goal: Identify high-scoring subnetworks H of G

What does it mean to solve the Altered 
Subnetwork Problem to “optimality”?

Most algorithms assess their performance using real biological datasets:
• Runtime
• Recovering known biological findings
• Discovery of potentially new biological insights

But most algorithms do not assess performance on a generative model of the data
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But most algorithms do not assess performance on a generative model of the data

Altered Subnetwork Problem: 
Given:
1) Network G = (V,E)
2) Vertex scores Xv (usually derived from p-values)
Goal: Identify high-scoring subnetworks H of G

What does it mean to solve the Altered 
Subnetwork Problem to “optimality”?

Most algorithms assess their performance using real biological datasets:
• Runtime
• Recovering known biological findings
• Discovery of potentially new biological insights
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Altered Subnetwork Problem: 
Given:
1) Network G = (V,E)
2) Vertex scores Xv (usually derived from p-values)
Goal: Identify high-scoring subnetworks H of G

What does it mean to solve the Altered 
Subnetwork Problem to “optimality”?

Most algorithms assess their performance using real biological datasets:
• Runtime
• Recovering known biological findings
• Discovery of potentially new biological insights

• No clear formulation of the problem being solved, so cannot be “solved to optimality”
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But most algorithms do not assess performance on a generative model of the data



This Work:

1. Generative model for altered subnetworks

2. Issue of identifying large subnetworks is due to statistical bias
• jActiveModules = Maximum Likelihood Estimator (MLE), but MLE is biased

3. Develop NetMix algorithm, which reduces bias using mixture models

18
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0 µ

Generative model: Altered Subnetwork Distribution
• G=(V, E) is a graph 
• A ⊆ V is a connected subgraph, or the altered subnetwork

Vertex scores                   are distributed as(Xv)v2V
<latexit sha1_base64="eb3LnKnvZ7V9XaGUCM2qiTUlOG4=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEI9VKSKuix6MVjBfsBbQib7aZdutmE3U2hhv4SLx4U8epP8ea/cdvmoK0PBh7vzTAzL0g4U9pxvq3CxubW9k5xt7S3f3BYto+O2ypOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJxndzvzOhUrFYPOppQr0IDwULGcHaSL5drnb9yYWfTVCfCdSe+XbFqTkLoHXi5qQCOZq+/dUfxCSNqNCEY6V6rpNoL8NSM8LprNRPFU0wGeMh7RkqcESVly0On6FzowxQGEtTQqOF+nsiw5FS0ygwnRHWI7XqzcX/vF6qwxsvYyJJNRVkuShMOdIxmqeABkxSovnUEEwkM7ciMsISE22yKpkQ3NWX10m7XnMva/WHq0rjNo+jCKdwBlVw4RoacA9NaAGBFJ7hFd6sJ+vFerc+lq0FK585gT+wPn8Ag7GSWQ==</latexit>

Xv ⇠
(
N(µ, 1) if v 2 A

N(0, 1) otherwise
<latexit sha1_base64="wxs9jsUz2T0W8ktEqgNpJMGtlE8="></latexit>
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Implicitly the generative model used by 
jActiveModules (Ideker et al 2002)



0 µ

Generative model: Altered Subnetwork Distribution
• G=(V, E) is a graph 
• A ⊆ V is a connected subgraph, or the altered subnetwork

Vertex scores                   are distributed as(Xv)v2V
<latexit sha1_base64="eb3LnKnvZ7V9XaGUCM2qiTUlOG4=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEI9VKSKuix6MVjBfsBbQib7aZdutmE3U2hhv4SLx4U8epP8ea/cdvmoK0PBh7vzTAzL0g4U9pxvq3CxubW9k5xt7S3f3BYto+O2ypOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJxndzvzOhUrFYPOppQr0IDwULGcHaSL5drnb9yYWfTVCfCdSe+XbFqTkLoHXi5qQCOZq+/dUfxCSNqNCEY6V6rpNoL8NSM8LprNRPFU0wGeMh7RkqcESVly0On6FzowxQGEtTQqOF+nsiw5FS0ygwnRHWI7XqzcX/vF6qwxsvYyJJNRVkuShMOdIxmqeABkxSovnUEEwkM7ciMsISE22yKpkQ3NWX10m7XnMva/WHq0rjNo+jCKdwBlVw4RoacA9NaAGBFJ7hFd6sJ+vFerc+lq0FK585gT+wPn8Ag7GSWQ==</latexit>

Statistical interpretation: Vertex scores Xv correspond to p-values pv from an 
asymptotically normal test statistic:

Xv = ��1(1� pv)
<latexit sha1_base64="fLleqsmyUugTV40MIfH80/hiYfc=">AAAB/3icbVDLSgNBEOz1GeNrVfDiZTAI8ZCwGwW9CEEvHiOYByTrMjuZTYbMPpiZDYQ1B3/FiwdFvPob3vwbJ8keNLGgoajqprvLizmTyrK+jaXlldW19dxGfnNre2fX3NtvyCgRhNZJxCPR8rCknIW0rpjitBULigOP06Y3uJn4zSEVkkXhvRrF1AlwL2Q+I1hpyTUPW+4QXaFOrc8e0pI9Ltql2B2eumbBKltToEViZ6QAGWqu+dXpRiQJaKgIx1K2bStWToqFYoTTcb6TSBpjMsA92tY0xAGVTjq9f4xOtNJFfiR0hQpN1d8TKQ6kHAWe7gyw6st5byL+57UT5V86KQvjRNGQzBb5CUcqQpMwUJcJShQfaYKJYPpWRPpYYKJ0ZHkdgj3/8iJpVMr2Wblyd16oXmdx5OAIjqEINlxAFW6hBnUg8AjP8ApvxpPxYrwbH7PWJSObOYA/MD5/AE1DlFo=</latexit>

Xv ⇠
(
N(µ, 1) if v 2 A

N(0, 1) otherwise
<latexit sha1_base64="wxs9jsUz2T0W8ktEqgNpJMGtlE8="></latexit>
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Altered Subnetwork Problem: Given graph G and vertex scores                  
distributed as

find the altered subnetwork A.

(Xv)v2V
<latexit sha1_base64="eb3LnKnvZ7V9XaGUCM2qiTUlOG4=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEI9VKSKuix6MVjBfsBbQib7aZdutmE3U2hhv4SLx4U8epP8ea/cdvmoK0PBh7vzTAzL0g4U9pxvq3CxubW9k5xt7S3f3BYto+O2ypOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJxndzvzOhUrFYPOppQr0IDwULGcHaSL5drnb9yYWfTVCfCdSe+XbFqTkLoHXi5qQCOZq+/dUfxCSNqNCEY6V6rpNoL8NSM8LprNRPFU0wGeMh7RkqcESVly0On6FzowxQGEtTQqOF+nsiw5FS0ygwnRHWI7XqzcX/vF6qwxsvYyJJNRVkuShMOdIxmqeABkxSovnUEEwkM7ciMsISE22yKpkQ3NWX10m7XnMva/WHq0rjNo+jCKdwBlVw4RoacA9NaAGBFJ7hFd6sJ+vFerc+lq0FK585gT+wPn8Ag7GSWQ==</latexit>

Xv ⇠
(
N(µ, 1) if v 2 A

N(0, 1) otherwise
<latexit sha1_base64="wxs9jsUz2T0W8ktEqgNpJMGtlE8="></latexit>
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Altered Subnetwork Problem: Given graph G and vertex scores                  
distributed as

find the altered subnetwork A.

(Xv)v2V
<latexit sha1_base64="eb3LnKnvZ7V9XaGUCM2qiTUlOG4=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEI9VKSKuix6MVjBfsBbQib7aZdutmE3U2hhv4SLx4U8epP8ea/cdvmoK0PBh7vzTAzL0g4U9pxvq3CxubW9k5xt7S3f3BYto+O2ypOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJxndzvzOhUrFYPOppQr0IDwULGcHaSL5drnb9yYWfTVCfCdSe+XbFqTkLoHXi5qQCOZq+/dUfxCSNqNCEY6V6rpNoL8NSM8LprNRPFU0wGeMh7RkqcESVly0On6FzowxQGEtTQqOF+nsiw5FS0ygwnRHWI7XqzcX/vF6qwxsvYyJJNRVkuShMOdIxmqeABkxSovnUEEwkM7ciMsISE22yKpkQ3NWX10m7XnMva/WHq0rjNo+jCKdwBlVw4RoacA9NaAGBFJ7hFd6sJ+vFerc+lq0FK585gT+wPn8Ag7GSWQ==</latexit>

Xv ⇠
(
N(µ, 1) if v 2 A

N(0, 1) otherwise
<latexit sha1_base64="wxs9jsUz2T0W8ktEqgNpJMGtlE8="></latexit>
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Altered Subnetwork Problem: Given graph G and vertex scores                  
distributed as

find the altered subnetwork A.

(Xv)v2V
<latexit sha1_base64="eb3LnKnvZ7V9XaGUCM2qiTUlOG4=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEI9VKSKuix6MVjBfsBbQib7aZdutmE3U2hhv4SLx4U8epP8ea/cdvmoK0PBh7vzTAzL0g4U9pxvq3CxubW9k5xt7S3f3BYto+O2ypOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJxndzvzOhUrFYPOppQr0IDwULGcHaSL5drnb9yYWfTVCfCdSe+XbFqTkLoHXi5qQCOZq+/dUfxCSNqNCEY6V6rpNoL8NSM8LprNRPFU0wGeMh7RkqcESVly0On6FzowxQGEtTQqOF+nsiw5FS0ygwnRHWI7XqzcX/vF6qwxsvYyJJNRVkuShMOdIxmqeABkxSovnUEEwkM7ciMsISE22yKpkQ3NWX10m7XnMva/WHq0rjNo+jCKdwBlVw4RoacA9NaAGBFJ7hFd6sJ+vFerc+lq0FK585gT+wPn8Ag7GSWQ==</latexit>

Xv ⇠
(
N(µ, 1) if v 2 A

N(0, 1) otherwise
<latexit sha1_base64="wxs9jsUz2T0W8ktEqgNpJMGtlE8="></latexit>
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Altered Subnetwork Problem: Given graph G and vertex scores                  
distributed as

find the altered subnetwork A.

(Xv)v2V
<latexit sha1_base64="eb3LnKnvZ7V9XaGUCM2qiTUlOG4=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEI9VKSKuix6MVjBfsBbQib7aZdutmE3U2hhv4SLx4U8epP8ea/cdvmoK0PBh7vzTAzL0g4U9pxvq3CxubW9k5xt7S3f3BYto+O2ypOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJxndzvzOhUrFYPOppQr0IDwULGcHaSL5drnb9yYWfTVCfCdSe+XbFqTkLoHXi5qQCOZq+/dUfxCSNqNCEY6V6rpNoL8NSM8LprNRPFU0wGeMh7RkqcESVly0On6FzowxQGEtTQqOF+nsiw5FS0ygwnRHWI7XqzcX/vF6qwxsvYyJJNRVkuShMOdIxmqeABkxSovnUEEwkM7ciMsISE22yKpkQ3NWX10m7XnMva/WHq0rjNo+jCKdwBlVw4RoacA9NaAGBFJ7hFd6sJ+vFerc+lq0FK585gT+wPn8Ag7GSWQ==</latexit>

Xv ⇠
(
N(µ, 1) if v 2 A

N(0, 1) otherwise
<latexit sha1_base64="wxs9jsUz2T0W8ktEqgNpJMGtlE8="></latexit>
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Altered Subnetwork Problem: Given graph G and vertex scores                  
distributed as

find the altered subnetwork A.

(Xv)v2V
<latexit sha1_base64="eb3LnKnvZ7V9XaGUCM2qiTUlOG4=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEI9VKSKuix6MVjBfsBbQib7aZdutmE3U2hhv4SLx4U8epP8ea/cdvmoK0PBh7vzTAzL0g4U9pxvq3CxubW9k5xt7S3f3BYto+O2ypOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJxndzvzOhUrFYPOppQr0IDwULGcHaSL5drnb9yYWfTVCfCdSe+XbFqTkLoHXi5qQCOZq+/dUfxCSNqNCEY6V6rpNoL8NSM8LprNRPFU0wGeMh7RkqcESVly0On6FzowxQGEtTQqOF+nsiw5FS0ygwnRHWI7XqzcX/vF6qwxsvYyJJNRVkuShMOdIxmqeABkxSovnUEEwkM7ciMsISE22yKpkQ3NWX10m7XnMva/WHq0rjNo+jCKdwBlVw4RoacA9NaAGBFJ7hFd6sJ+vFerc+lq0FK585gT+wPn8Ag7GSWQ==</latexit>

Theorem: Maximum Likelihood Estimator (MLE) of the altered subnetwork A is:

Xv ⇠
(
N(µ, 1) if v 2 A

N(0, 1) otherwise
<latexit sha1_base64="wxs9jsUz2T0W8ktEqgNpJMGtlE8="></latexit>
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Altered Subnetwork Problem: Given graph G and vertex scores                  
distributed as

find the altered subnetwork A.

(Xv)v2V
<latexit sha1_base64="eb3LnKnvZ7V9XaGUCM2qiTUlOG4=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEI9VKSKuix6MVjBfsBbQib7aZdutmE3U2hhv4SLx4U8epP8ea/cdvmoK0PBh7vzTAzL0g4U9pxvq3CxubW9k5xt7S3f3BYto+O2ypOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJxndzvzOhUrFYPOppQr0IDwULGcHaSL5drnb9yYWfTVCfCdSe+XbFqTkLoHXi5qQCOZq+/dUfxCSNqNCEY6V6rpNoL8NSM8LprNRPFU0wGeMh7RkqcESVly0On6FzowxQGEtTQqOF+nsiw5FS0ygwnRHWI7XqzcX/vF6qwxsvYyJJNRVkuShMOdIxmqeABkxSovnUEEwkM7ciMsISE22yKpkQ3NWX10m7XnMva/WHq0rjNo+jCKdwBlVw4RoacA9NaAGBFJ7hFd6sJ+vFerc+lq0FK585gT+wPn8Ag7GSWQ==</latexit>

Theorem: Maximum Likelihood Estimator (MLE) of the altered subnetwork A is:

MLE = jActiveModules! jActiveModules paper (Ideker et al, 2002) does not 
describe generative model nor the connection to the MLE

Xv ⇠
(
N(µ, 1) if v 2 A

N(0, 1) otherwise
<latexit sha1_base64="wxs9jsUz2T0W8ktEqgNpJMGtlE8="></latexit>
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MLE is biased estimator

We observe that MLE has positive bias: MLE overestimates the size "
#

of the altered subnetwork on average (where n=|V|)
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n
<latexit sha1_base64="BTXZCc7gPyN272bMnJRmxB0fndg="></latexit>
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<latexit sha1_base64="/zbN3Ij9p/M6x1OJvWdgA8k6F+Q="></latexit>



MLE is biased estimator

Altered subnetwork contains 5% of vertices, but MLE contains 5%+20% 
= 25% of vertices!
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<latexit sha1_base64="BTXZCc7gPyN272bMnJRmxB0fndg="></latexit>
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MLE is biased estimator
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In the paper, we prove two results that partially show asymptotic bias of 
the MLE



0 µ

How to reduce bias?
Key idea: Model the distribution of the vertex scores before using the 
network

30



0 µ

How to reduce bias?
Key idea: Model the distribution of the vertex scores before using the 
network

Fit vertex scores to Gaussian Mixture Model (GMM):

Xv ⇠ (1� ↵) ·N(0, 1) + ↵ ·N(µ, 1)
<latexit sha1_base64="bQDWtIDRIy5w1hOwD8rSU9iq4Wg=">AAACInicbZDLSsNAFIYn9VbrLerSzWARWqwlqYK6K7pxJRXsBZoSJpNJO3QmCTOTQgl9Fje+ihsXiroSfBinF0Rbfxj4+c45nDm/FzMqlWV9Gpml5ZXVtex6bmNza3vH3N1ryCgRmNRxxCLR8pAkjIakrqhipBULgrjHSNPrX4/rzQERkkbhvRrGpMNRN6QBxUhp5JqXLXcAHUk5LNgnDmJxDxWhg/1IwduCVbKL8BhO8Q91eFKCdtE181bZmgguGntm8mCmmmu+O36EE05ChRmSsm1bseqkSCiKGRnlnESSGOE+6pK2tiHiRHbSyYkjeKSJD4NI6BcqOKG/J1LEpRxyT3dypHpyvjaG/9XaiQouOikN40SREE8XBQmDKoLjvKBPBcGKDbVBWFD9V4h7SCCsdKo5HYI9f/KiaVTK9mm5cneWr17N4siCA3AICsAG56AKbkAN1AEGD+AJvIBX49F4Nt6Mj2lrxpjN7IM/Mr6+AX9sn+s=</latexit>

𝛼 = proportion of vertices in altered subnetwork
𝜇 = mean of altered subnetwork distribution
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GMM yields less biased estimate of altered 
subnetwork size

| bAMLE|/n
<latexit sha1_base64="b5PI0f88xhPZuTUYg4OJmWa46lo=">AAACBXicbVDJSgNBEO1xjXGLetTDYBA8xZko6DEqggeFCGaBTAg9nUrSpGehu0YNk7l48Ve8eFDEq//gzb+xsxw08UHB470qquq5oeAKLevbmJmdm19YTC2ll1dW19YzG5tlFUSSQYkFIpBVlyoQ3IcSchRQDSVQzxVQcbvnA79yB1LxwL/FXgh1j7Z93uKMopYamZ2+c8+b0KEYnyaN2EF4wPj66iJJ+gfazlo5awhzmthjkiVjFBuZL6cZsMgDH5mgStVsK8R6TCVyJiBJO5GCkLIubUNNU596oOrx8IvE3NNK02wFUpeP5lD9PRFTT6me5+pOj2JHTXoD8T+vFmHrpB5zP4wQfDZa1IqEiYE5iMRscgkMRU8TyiTXt5qsQyVlqINL6xDsyZenSTmfsw9z+ZujbOFsHEeKbJNdsk9sckwK5JIUSYkw8kieySt5M56MF+Pd+Bi1zhjjmS3yB8bnD2mvmSU=</latexit>

B
ia
s⇣ b ⇥

⌘

<latexit sha1_base64="qjydz+XJXFzNGTVEvY1qkvNMimM=">AAACFHicbVDLSgNBEJz1GeMr6tHLYBAUIexGQY+iF48RjArZEHonvdnB2QczvWpY8hFe/BUvHhTx6sGbf+Mk5uCroKGo6qa7K8iUNOS6H87E5NT0zGxprjy/sLi0XFlZPTdprgU2RapSfRmAQSUTbJIkhZeZRogDhRfB1fHQv7hGbWSanFE/w3YMvUSGUgBZqVPZ8QlvqTiSYAa+wpC2uH8juxgBFf5ZhAQD7mvZi2ibdypVt+aOwP8Sb0yqbIxGp/Lud1ORx5iQUGBMy3MzahegSQqFg7KfG8xAXEEPW5YmEKNpF6OnBnzTKl0eptpWQnykfp8oIDamHwe2MwaKzG9vKP7ntXIKD9qFTLKcMBFfi8JccUr5MCHelRoFqb4lILS0t3IRgQZBNseyDcH7/fJfcl6vebu1+ule9fBoHEeJrbMNtsU8ts8O2QlrsCYT7I49sCf27Nw7j86L8/rVOuGMZ9bYDzhvn+hInrM=</latexit>

Xv ⇠ (1� ↵) ·N(0, 1) + ↵ ·N(µ, 1)
<latexit sha1_base64="bQDWtIDRIy5w1hOwD8rSU9iq4Wg=">AAACInicbZDLSsNAFIYn9VbrLerSzWARWqwlqYK6K7pxJRXsBZoSJpNJO3QmCTOTQgl9Fje+ihsXiroSfBinF0Rbfxj4+c45nDm/FzMqlWV9Gpml5ZXVtex6bmNza3vH3N1ryCgRmNRxxCLR8pAkjIakrqhipBULgrjHSNPrX4/rzQERkkbhvRrGpMNRN6QBxUhp5JqXLXcAHUk5LNgnDmJxDxWhg/1IwduCVbKL8BhO8Q91eFKCdtE181bZmgguGntm8mCmmmu+O36EE05ChRmSsm1bseqkSCiKGRnlnESSGOE+6pK2tiHiRHbSyYkjeKSJD4NI6BcqOKG/J1LEpRxyT3dypHpyvjaG/9XaiQouOikN40SREE8XBQmDKoLjvKBPBcGKDbVBWFD9V4h7SCCsdKo5HYI9f/KiaVTK9mm5cneWr17N4siCA3AICsAG56AKbkAN1AEGD+AJvIBX49F4Nt6Mj2lrxpjN7IM/Mr6+AX9sn+s=</latexit>

GMM:

vs

MLE:
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Fit vertex scores Xv to GMM

b↵GMM, bµGMM
<latexit sha1_base64="TF/KJ3SsSJYqtRZyj+iYc1DqO4Y=">AAACInicbVDJSgNBEO1xN25Rj14ag+BBwowK6i3oQS9CBKNCJoSaTsU09ix016hhmG/x4q948aCoJ8GPsbOA64OCx3tVVNULEiUNue67MzI6Nj4xOTVdmJmdm18oLi6dmTjVAmsiVrG+CMCgkhHWSJLCi0QjhIHC8+DqoOefX6M2Mo5OqZtgI4TLSLalALJSs7jn38gWdoAyH1TSgbyZ+YS3lB0eH+f5Bv+yw/Sn1yyW3LLbB/9LvCEpsSGqzeKr34pFGmJEQoExdc9NqJGBJikU5gU/NZiAuIJLrFsaQYimkfVfzPmaVVq8HWtbEfG++n0ig9CYbhjYzhCoY357PfE/r55Se7eRyShJCSMxWNROFaeY9/LiLalRkOpaAkJLeysXHdAgyKZasCF4v1/+S842y95WefNku1TZH8YxxVbYKltnHtthFXbEqqzGBLtjD+yJPTv3zqPz4rwNWkec4cwy+wHn4xMx5qXr</latexit>

and estimate GMM parameters

Altered subnetwork A has 
size |A|/n = 0.05

𝛼 = proportion of vertices in altered subnetwork
𝜇 = mean of altered subnetwork distribution



NetMix Algorithm
Given vertex scores                    and graph G:(Xv)v2V

<latexit sha1_base64="eb3LnKnvZ7V9XaGUCM2qiTUlOG4=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEI9VKSKuix6MVjBfsBbQib7aZdutmE3U2hhv4SLx4U8epP8ea/cdvmoK0PBh7vzTAzL0g4U9pxvq3CxubW9k5xt7S3f3BYto+O2ypOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJxndzvzOhUrFYPOppQr0IDwULGcHaSL5drnb9yYWfTVCfCdSe+XbFqTkLoHXi5qQCOZq+/dUfxCSNqNCEY6V6rpNoL8NSM8LprNRPFU0wGeMh7RkqcESVly0On6FzowxQGEtTQqOF+nsiw5FS0ygwnRHWI7XqzcX/vF6qwxsvYyJJNRVkuShMOdIxmqeABkxSovnUEEwkM7ciMsISE22yKpkQ3NWX10m7XnMva/WHq0rjNo+jCKdwBlVw4RoacA9NaAGBFJ7hFd6sJ+vFerc+lq0FK585gT+wPn8Ag7GSWQ==</latexit>

1. Fit scores to GMM using EM, and compute responsibilities
2. Find connected subnetwork                   with size                      and largest total responsibilitybANetMix

<latexit sha1_base64="LmIuhyqoplFY5K9PdMfsEOzkJoM=">AAACBHicbVA9SwNBEN2LXzF+RS3THAbBKtxFQcuojY0SwXxAEsLe3iRZsvfB7pwmHFfY+FdsLBSx9UfY+W/cJFdo4oOBx3szzMxzQsEVWta3kVlaXlldy67nNja3tnfyu3t1FUSSQY0FIpBNhyoQ3IcachTQDCVQzxHQcIaXE79xD1LxwL/DcQgdj/Z93uOMopa6+UL7gbswoBifJ924jTDC+Abwmo+SpJsvWiVrCnOR2CkpkhTVbv6r7QYs8sBHJqhSLdsKsRNTiZwJSHLtSEFI2ZD2oaWpTz1QnXj6RGIeasU1e4HU5aM5VX9PxNRTauw5utOjOFDz3kT8z2tF2DvrxNwPIwSfzRb1ImFiYE4SMV0ugaEYa0KZ5PpWkw2opAx1bjkdgj3/8iKpl0v2cal8e1KsXKRxZEmBHJAjYpNTUiFXpEpqhJFH8kxeyZvxZLwY78bHrDVjpDP75A+Mzx8Kvpj9</latexit>

Scores X Fit scores to Gaussian 
Mixture Model

N(0, 1)

<latexit sha1_base64="IiDjz2mLOw3wIoLChYfl43qEUC8=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQQcJuiOgx6MWTRDAPSJYwO5lNxszOLDOzQljyD148KOLV//Hm3zh5IJpY0FBUddPdFcScaeO6X05mZXVtfSO7mdva3tndy+8fNLRMFKF1IrlUrQBrypmgdcMMp61YURwFnDaD4fXEbz5SpZkU92YUUz/CfcFCRrCxUuO26J55p918wS25U6Af4i2SAsxR6+Y/Oz1JkogKQzjWuu25sfFTrAwjnI5znUTTGJMh7tO2pQJHVPvp9NoxOrFKD4VS2RIGTdXfEymOtB5Fge2MsBnoRW8i/ue1ExNe+ikTcWKoILNFYcKRkWjyOuoxRYnhI0swUczeisgAK0yMDShnQ1h6eZk0yiWvUjq/qxSqV/M4snAEx1AEDy6gCjdQgzoQeIAneIFXRzrPzpvzPmvNOPOZQ/gD5+MbtvSN6w==</latexit>

N(bµGMM, 1)

<latexit sha1_base64="YEq7bz+sOyRPjISnHED7c0CFiDM=">AAACCHicdVDJSgNBEO2JW4zbqEcPDgYhgoQZiegx6EEvkQhmgUwIPZ1K0qRnobtGDcMcvfgrXjwo4tVP8ObfOFmEuD0oeLxXRVU9JxBcoWl+aKmZ2bn5hfRiZml5ZXVNX9+oKj+UDCrMF76sO1SB4B5UkKOAeiCBuo6AmtM/Hfq1a5CK+94VDgJourTr8Q5nFBOppW9f5Owb3oYexch2w7gV2Qi3GJ2VSnG8b+219KyVN0cwzF/ky8qSCcot/d1u+yx0wUMmqFINywywGVGJnAmIM3aoIKCsT7vQSKhHXVDNaPRIbOwmStvo+DIpD42ROj0RUVepgesknS7FnvrpDcW/vEaIneNmxL0gRPDYeFEnFAb6xjAVo80lMBSDhFAmeXKrwXpUUoZJdpnpEP4n1YO8VcgfXhayxZNJHGmyRXZIjljkiBTJOSmTCmHkjjyQJ/Ks3WuP2ov2Om5NaZOZTfIN2tsnkb+Zrw==</latexit>

Interaction network 
G = (V, E)

Identify connected subnetwork with largest 
total responsibility

HighLow

⇡ b↵GMMn
<latexit sha1_base64="gFEWZGCgzPPYBgh6D0bhShvEBGE=">AAACD3icbVC7SgNBFJ31bXxFLW0Gg2IVdlXQMmihjaBgVMiGcHdyYwZnd4eZu2pY9g9s/BUbC0Vsbe38Gycxha8DA4dzzuXOPZFW0pLvf3gjo2PjE5NT06WZ2bn5hfLi0plNMyOwLlKVmosILCqZYJ0kKbzQBiGOFJ5HV/t9//wajZVpcko9jc0YLhPZkQLISa3yegham/SWhzeyjV2gPASlu1C08pDwlvKDo6OicMGKX/UH4H9JMCQVNsRxq/wetlORxZiQUGBtI/A1NXMwJIXCohRmFjWIK7jEhqMJxGib+eCegq85pc07qXEvIT5Qv0/kEFvbiyOXjIG69rfXF//zGhl1dpu5THRGmIivRZ1McUp5vxzelgYFqZ4jIIx0f+WiCwYEuQpLroTg98l/ydlmNdiqbp5sV2p7wzqm2ApbZRssYDusxg7ZMaszwe7YA3tiz9699+i9eK9f0RFvOLPMfsB7+wSKLp2c</latexit>

bANetMix
<latexit sha1_base64="LmIuhyqoplFY5K9PdMfsEOzkJoM=">AAACBHicbVA9SwNBEN2LXzF+RS3THAbBKtxFQcuojY0SwXxAEsLe3iRZsvfB7pwmHFfY+FdsLBSx9UfY+W/cJFdo4oOBx3szzMxzQsEVWta3kVlaXlldy67nNja3tnfyu3t1FUSSQY0FIpBNhyoQ3IcachTQDCVQzxHQcIaXE79xD1LxwL/DcQgdj/Z93uOMopa6+UL7gbswoBifJ924jTDC+Abwmo+SpJsvWiVrCnOR2CkpkhTVbv6r7QYs8sBHJqhSLdsKsRNTiZwJSHLtSEFI2ZD2oaWpTz1QnXj6RGIeasU1e4HU5aM5VX9PxNRTauw5utOjOFDz3kT8z2tF2DvrxNwPIwSfzRb1ImFiYE4SMV0ugaEYa0KZ5PpWkw2opAx1bjkdgj3/8iKpl0v2cal8e1KsXKRxZEmBHJAjYpNTUiFXpEpqhJFH8kxeyZvxZLwY78bHrDVjpDP75A+Mzx8Kvpj9</latexit>
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rv = P (v 2 A | Xv)
<latexit sha1_base64="L4ol7s8QmnjT+pcj3hxOwsl83MY=">AAACAnicbVDLSsNAFJ34rPUVdSVuBotQNyWpgm6EqhuXFewDmhAmk0k7dDIJM5NACcWNv+LGhSJu/Qp3/o3TNgttPXDhcM693HuPnzAqlWV9G0vLK6tr66WN8ubW9s6uubfflnEqMGnhmMWi6yNJGOWkpahipJsIgiKfkY4/vJ34nYwISWP+oEYJcSPU5zSkGCkteeah8DJ4BZvVDDqUw2voRDSAXS879cyKVbOmgIvELkgFFGh65pcTxDiNCFeYISl7tpUoN0dCUczIuOykkiQID1Gf9DTlKCLSzacvjOGJVgIYxkIXV3Cq/p7IUSTlKPJ1Z4TUQM57E/E/r5eq8NLNKU9SRTieLQpTBlUMJ3nAgAqCFRtpgrCg+laIB0ggrHRqZR2CPf/yImnXa/ZZrX5/XmncFHGUwBE4BlVggwvQAHegCVoAg0fwDF7Bm/FkvBjvxsesdckoZg7AHxifP/Z8lTs=</latexit>



Comparison to heinz algorithm

Two key differences:
1. Different distributions: heinz models p-values with 

Beta-Uniform Mixture (BUM)
• BUM sometimes underestimates size of altered subnetwork

(Pounds and Cheng 2004)

2. User-defined parameter: False Discovery Rate (FDR)
• Most values of FDR result in biased estimate of size of 

altered subnetwork
• Can selectively tune FDR, similar to “p-hacking”

• In literature, FDRs range anywhere from 10-25 to 0.5

34

p-values fit to Beta-
Uniform Mixture

heinz (Dittrich et al, 2008) also models distribution of vertex scores. 

Neither is consistent with “solving the [Altered Subnetwork Problem] to optimality”



Results – simulated data
35

G = HINT+HI interaction network with |G|=15074 nodes (Leiserson et al 2015)
Altered subnetwork A = connected subgraph of size |A|=0.05n selected uniformly at random from G

𝜇!"#"$# 𝜇!"#"$#



Results – differential gene expression

In the paper we also show experiments on somatic mutations in cancer

36

157 gene expression experiments from Expression Atlas (Petryszak et al, 2015), 
including both microarray and RNA-seq experiments



Summary + Future Directions

1. Generative model for altered subnetworks
2. jActiveModules = MLE, but MLE is statistically biased, explaining 

reports of large subnetworks.
3. Develop the NetMix algorithm, which uses mixture models to 

reduce bias.
• Multiple altered subnetworks
• Other topological constraints (e.g. edge-dense subgraphs)
• Additional applications

High

Low
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Code: https://github.com/raphael-group/netmix
Paper (bioRxiv): https://bit.ly/3ea7f3n

https://github.com/raphael-group/netmix
https://bit.ly/3ea7f3n

